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1 INTRODUCTION 

Sleep can be considered a universal phenomenon, being present in animals and 

humans. It is occurs naturally, classified as a physiological need not able to be avoided. 

In its process there is a decrease in body function and consciousness, and despite the 

existence of visual stimulus or hearing, the person does not show any feedback or 

response to them (ABEL, 2013).  

Based on this, low-frequency wave sleep acts mainly on improving cognition, 

which consists of the psychological function linked to learning, intellectual and emotional 

development. In addition, it promotes memory consolidation, as well as acts on the 

development of children's motor skills (PIEKARSKI, 2015). Finally, it is worth 

mentioning that this phenomenon directly helps to maintain and promote physical and 

mental health. Thus, it becomes evident that techniques are needed to monitor and track 

the behavior of waves present during sleep, as well as referring to its cycle as a whole. 

The Fast Fourier Transform (FFT) technique can be used to obtain the 

characteristics of a signal, such as its frequency. Thus, it can be applied to sleep brain 

waves. However, to obtain an accurate result using the FFT, a considerable number of 

sampling cycles is required for its execution. Although, with the addition of so many 

cycles, considerable time is required to calculate the FFT, making it difficult to apply it 

for a real-time reading. To perform the tracking of acoustic waves, it is proposed to apply 

the PLL technique based on Fourier (FB-PLL) to a signal with typical behavior of deep 
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sleep. In this sense, this method is capable of estimating the main frequency, as well as 

displaying the amplitude and reconstructing the signal in just a single cycle. Which, 

consequently, makes it possible to obtain a considerably faster response, making this 

approach feasible for application in real-time monitoring. 

Finally, this work is organized in the following order: in Section 2 there is a brief 

review on the study of sleep, especially regarding Slow Wave activity. In sequence, in 

Section 3 there is a contextualization about the estimation techniques based on Fourier, 

focusing on the FFT and the FB-PPL. Later, in Section 4, the results obtained with the 

application of the FB-PLL are presented. In Section 5, there is the conclusion of the work 

carried out. Finally, in Section 6, you will find the acknowledgments attributed. 

 

2 MAIN ASPECTS RELEVANT TO SLOW WAVE SLEEP 

For recording a scientific verification of when a person is sleeping, with the use 

of electrodes, measurement techniques have been developed, such as the EEG 

(Electroencephalogram), the EMG (Electromyography) and the EOG 

(Electrooculogram). Based on this, signals are obtained from three regions, on brain wave 

activity, eye movement activity and muscle activity, respectively. Therefore, by gathering 

these signs, a set is formed with the general term PSG, that is Polysomnography, in which 

it is an exam that contains a complete reading of sleep (PEREIRA, 2023). 

One concluded fact is that human beings, when sleeping, go through two types of 

sleep, namely Rapid Eye Movement Sleep (REM) and Non-Rapid Eye Movement Sleep 

(NREM). REM sleep is considered the last stage of the cycle, in which brain activity is 

very similar to the waking state. NREM sleep, on the other hand, is fragmented into three 

Stages, with Stage 3 considered the deepest sleep that Stages 1 and 2, thus occurring a 

transition from sleep (WILCKENS). The deepest stage represents Slow Wave Sleep 

(SWA), which is the focus of this work. From this, through monitoring during the night, 

the sleep architecture can be obtained, as shown in Figure 1. 

 

  



 
 

 
 

Figure 1 - Sleep architecture. 

 
 

The Figure 1 demonstrates the graph technically known as a hypnogram 

(WALKER, 2009). It is possible to perceive an inequality in the Stages, in which REM 

and NREM sleep undergo major changes in each ninety-minute cycle throughout the 

night. In addition, deep NREM sleep is very present in the first half of the night. Then, as 

you move into the second half of the night, a shift occurs, where REM sleep begins to 

take up most of it, and deep NREM sleep barely appears. Through the PSG exam, it is 

also possible to capture and analyze the main waves during sleep, which are called Delta, 

Theta, Alpha and beta waves, as can be seen in Figure 2. 

 

Figure 2 - Representations relevant to the main waves present in sleep. Being in (a) the Delta wave, in (b) 

the Theta wave, in (c) the Alpha wave and in (d) the Beta wave. 

 
 



 
 

 
 

In Figure 2 (a), the representation of the Delta wave is displayed, thus, it is 

commonly found in Stage 3 of NREM sleep, that is, in the phase referring to deep sleep. 

In this sense, the Delta activity has frequencies between 0.5 and 4 Hz, as well as having 

a greater amplitude, as well as being the slowest elaborated by the brain, being able to 

associate them with tranquility and well-being (PEREIRA, 2023). Therefore, there are 

indications that they can interfere with other factors, such as helping to regulate rest and 

body performance, which can even affect empathy and motivation. Finally, this waveform 

is present in babies and children, and is also found in the fetus within the mother's womb. 

However, as we age, the generation of Delta waves tends to decrease. 

At the moment, currently, several researches are being carried out based on the 

study of Slow Wave activity. For example, (WILCKENS) conducted a study in which 

cognition can be improved by improving SWA. It was also found that the progress of 

high amplitude and low frequency are related beyond cognition, with the development of 

executive function and memory consolidation. Furthermore, (ASTILL, 2014) describes 

that the performance of motor skills in children are reflected in the frequency of slow 

waves. Thus, there is an increase in children's accuracy, making it possible for sleep to 

improve certain motor skills, usually without any additional treatment. It is noted that 

physical and mental health, along with well-being, are directly aligned with a good night's 

sleep. That said, we emphasize the importance of monitoring the sleep cycle in real time, 

as well as obtaining brain curves, since, through the interpretation of the results, it is 

possible to contribute directly to people's quality of life, as well as to promote advances 

in Medicine of Sleep. 

 

3 FOURIER BASED ESTIMATING TECHNIQUES 

The Fourier Transform consists of a mathematical tool that performs the transition 

from the time-varying domain to the frequency domain. This is necessary since, in 

general, the graphs obtained in the time domain contain an excess of information, since 

they are influenced by different amplitudes that are repeated in different periods of time. 

With the domain change, it is possible to filter the signal, avoiding this repetition and 

overlapping of amplitudes (SPIEGEL, 1974). Thus, the Fourier Transform of a signal 

𝑥(𝑡) is defined by: 

 

𝐹 =  ∫ 𝑥(𝑡) ∙ 𝑒−𝑖𝜔𝑡𝑑𝑡,
∞

−∞

 
(1) 



 
 

 
 

in which 𝑥(𝑡), is a real-time and integrable function, whereas 𝐹(𝜔) consists of a complex 

frequency function. For the Fourier Transform, it is possible to obtain a representation 

called frequency spectrum, which is the most used way to represent the characteristics of 

a captured signal. By means of the frequency spectrum, the different frequencies and the 

magnitude that make up the analyzed signal (SPIEGEL, 1974) can be evaluated. 

However, obtaining the spectrum through (1) sometimes becomes complicated. From 

this, an applied solution consists of replacing (1) and using Discrete Transform of Fourier 

(DFT), which is described by the following expression: 

 

𝐹(𝑚) =  ∑ 𝑥(𝑛)

𝑁−1

𝑛=0

∙ 𝑒
𝑖2𝜋𝑛𝑚

𝑁         𝑚 = 0, 1,2 … , 𝑛 − 1,  

                                                                             

in which 𝐹(𝑛) is the set of points representing the signal in time and 𝑁 is the number of 

points sampled. Thus, to reduce the computational work, the technique called Fast Fourier 

Transform (FFT) is applied to execute (2). From there, the FFT algorithm divides the 

sequence 𝑥(𝑛) into two smaller sequences, one with the even index coefficients and the 

other with the odd index coefficients. calculating the DFT for each of them and then 

combining them to obtain the DFT of the complete sequence (BRIGNHAM, 1974). It 

should be noted that for the FFT to be able to deliver a result with a clear definition of the 

frequencies present in the signal, a significant number of cycles are required during the 

execution of the algorithm. However, with each cycle increase, there is also an increase 

in time in the FFT calculation. 

 

3.1 SIGNAL PROCESSING AND OBTAINING THE FREQUENCY SPECTRUM 

Therefore, signals from a PSG exam were analyzed, as well as the sleep stages 

and their characteristics present in the exam, especially referring to deep sleep waves. In 

Figure 3, it is possible to observe the original signal of the PSG test. However, it was 

found that it has characteristics of Stage 3 of NREM sleep, referring to Delta waves, 

however, it also exposes attributes relevant to Stage 2, in which they are not the focus of 

the work. Thus, to carry out the signal processing, the original was considered and 

fragmented between the characteristics of Stage 2 and 3, in which the processed signal 

was obtained with the data only from Stage 3. 

(2) 



 
 

 
 

Figure 3 - Analyzed signal referring to the PSG exam. 

 
 

The excerpt resulting from the processing of the PSG signal was used and, the 

Fast Fourier Transform (FFT) was applied with the aid of a python algorithm, with the 

purpose of obtaining the frequency spectrum referring to the signal. In order to obtain a 

more accurate result, the section under analysis was increased by 30 times. Based on this, 

the frequency spectrum shown in Figure 4 was obtained. 

 

Figure 4 - Frequency spectrum referring to the processed signal. 

 
 

From Figure 4, it can be seen that the processed signal has high amplitudes for low 

frequencies, which confirms that it matches the characteristics of deep sleep, that is, 

referring to the Delta wave, in which it has its activity at a frequency of 0.5 to 4 Hz. 

  



 
 

 
 

3.2 PHASE-LOCKED LOOP – PLL 

The PLL structure is being increasingly used in a range of circuits that need power 

conditioning and that need to operate synchronously with the frequency of the electrical 

network (MARAFÃO, 2005). Therefore, because it is a response algorithm, it establishes 

the phase of the generated signal to adjust with the phase of a certain input signal 

(BOBROWSKA, 2011). 

It has the function of estimating the frequency, amplitude and phase angle of an 

electrical signal, even with the presence of disturbances and harmonics, these being 

crucial information for the operation of several systems (KAURA, 1997). They can serve 

as protection, performance monitoring or be used for feedback, and are considered robust 

and easy to implement. Thus, one of the first modeled PLLs, the SRF-PLL, Synchronous 

Reference Frame, is demonstrated in Figure 5 (KAURA, 1997). 

 

Figure 5 - SRF-PLL control diagram. 

 
 

Thus, among the various techniques that the PLL can be applied, there is the FB-

PLL - Fourier Based – Phase Locked Loop, which is equivalent to a selective perception 

of harmonics. FB-PLL refers to an algorithm that is suitable for single-phase and three-

phase systems, which is based on the Fourier series, which is used as an instrument that 

grants the reconstruction of the main frequency of an input signal or some of its main 

frequencies. harmonic components (OPPENHEIM, 2009). 

 



 
 

 
 

3.3 FOURIER BASED ALGORITHM 

By means of an infinite sum of complex exponential functions, it is possible to 

obtain a periodic signal 𝑥(𝑡) as long as some determinations are met (SANTOS, 2013): 

• 𝑥(𝑡) be integrable in any period; 

• 𝑥(𝑡)  needs to have only limited variations, being over any period of time; 

• 𝑥(𝑡) obtain only a finite number of discontinuities, being in any period of 

time. 

 

Therefore, the Fourier series is described mathematically by the following equation: 

 

𝑥(𝑡) = 𝑎0 + ∑(𝑎𝑛 cos(𝑛𝜔0𝑡)) + (𝑏𝑛 sin(𝑛𝜔0𝑡)

∞

𝑛=1

, 

 

 

in which 

𝑎0 =
1

𝑇0
∫ 𝑥(𝑡)𝑑𝑡,

𝑇0

 

 

𝑎𝑛 =
2

𝑇0
∫ 𝑥(𝑡) cos(𝑛) 𝑑𝑡,

𝑇0

 

 

𝑏𝑛 =
2

𝑇0
∫ 𝑥(𝑡) sin(𝑛) 𝑑𝑡.

𝑇0

 

 

Thus, 𝑎0 represents the average value of  𝑥(𝑡), and 𝑎𝑛 and 𝑏𝑛 are equivalent to 

the amplitude of the cosine and sine elements of the 𝑛° harmonic of the periodic signal 

𝑥(𝑡). Based on this, the assumptions expressed by (5) and (6) are calculated as the average 

of the signal, multiplied by the frequency of interest. Therefore, the amplitude of the 𝑛° 

harmonic is capable of being dynamically changed, this being through of the Low Pass 

Filter (LPF), which is the fundamental concept of the FB-PLL. In order to understand the 

(3) 

 

in 

wh

ich 

(4) 

(5) 

(6) 



 
 

 
 

expanded FB-PLL principle, admit a signal 𝑣𝑠(𝑡) that contains several harmonic 

components: 

 

𝑣𝑠(𝑡) = ∑ 𝑉𝑛 cos(𝑛𝜔𝑡 + ∅𝑛)

𝑁

𝑛=1

, 

 

 𝑉𝑛 and ∅𝑛 represent an amplitude and a phase of the component referring to 𝑛° 

harmonic, respectively, and N equivalent to the harmonic element of greater order used 

to represent 𝑣𝑠(𝑡). It is assumed that the fundamental frequency of 𝑣𝑠(𝑡). is known and 

that the amplitude and phase of each of the harmonic components are admitted. Initially, 

for the estimated harmonic, 𝑣𝑠(𝑡). must be multiplied by two sinusoidal signals, both of 

which are present at the desired harmonic frequency, represented by: 

 

𝑣𝑖𝑐(𝑡) = cos(𝐻𝜔𝑡) (∑ 𝑉𝑛 cos(𝑛𝜔𝑡 +  ∅𝑛)

𝑁

𝑛=1

) , 

 

𝑣𝑖𝑠(𝑡) = sin(𝐻𝜔𝑡) (∑ 𝑉𝑛 cos(𝑛𝜔𝑡 +  ∅𝑛)

𝑁

𝑛=1

) , 

 

in which the harmonic order is represented by 𝐻 and the subscripts 𝑖𝑐 and 𝑖𝑠 correspond 

to the integrand multiplied by the sine or cosine terms. By considering (8) and (9), and 

from the collection of terms of the desired harmonic order, as well as applying 

trigonometric properties, we have: 

 

𝑣𝑖𝑐 =
𝑎𝐻

2
(1 + cos(2𝐻𝜔𝑡))

+
𝑏𝐻

2
sin(2𝐻𝜔𝑡) + cos(𝐻𝜔𝑡) (∑ 𝑉𝑛 cos(𝑛𝜔𝑡 + ∅𝑛)

𝑁

𝑛=1

) , 

 

𝑣𝑖𝑠 =
𝑏𝐻

2
(1 − cos(2𝐻𝜔𝑡))

+
𝑎𝐻

2
sin(2𝐻𝜔𝑡) + sin(𝐻𝜔𝑡) (∑ 𝑉𝑛 cos(𝑛𝜔𝑡 + ∅𝑛)

𝑁

𝑛=1

) , 

(7) 

 

 

 

(8) 

(9) 

(10) 

(11) 



 
 

 
 

In which 1 ≤ 𝐻 ≤ 𝑁. By examining (10) and (11) it is possible observe that 

𝑣𝑖𝑐(𝑡) and 𝑣𝑖𝑠(𝑡) have components of Direct Current, with magnitudes, respectively of 

 
𝑎𝐻

2
  and  

𝑏𝐻

2
  . The amplitudes 𝑎𝐻 and 𝑏𝐻, referring to the 𝑣𝑖𝑠(𝑡) and 𝑣𝑖𝑐(𝑡) signals can be 

acquired from a Low Pass Filter (LPF). These two signals can be divided into two 

segments, being Direct currente (DC) and Alternating Current (AC), as can be seen below 

(SANTOS, 2013). 

 

𝑣𝑖𝑐 = 𝑣̅𝑖𝑐 + 𝑣̃𝑖𝑐, 

 

𝑣𝑖𝑐 = 𝑣̅𝑖𝑠 + 𝑣̃𝑖𝑠, 

 

where 𝑣𝑖𝑐 corresponds to the DC component and 𝑣̃𝑖𝑠 corresponds to the AC component. 

Thus, 𝑣̅𝑖𝑐 =
𝑎𝐻

2
 and 𝑣̅𝑖𝑠 =

𝑏𝐻

2
 , therefore, by substituting in (12) and (13), we get: 

 

𝑣̃𝑖𝑐 =
𝑎𝐻

2
cos(2𝐻𝜔𝑡) +

𝑏𝐻

2
sin(2𝐻𝜔𝑡) + cos(𝐻𝜔𝑡) (∑ 𝑉𝑛 cos(𝑛𝜔𝑡 + ∅𝑛)

𝑁

𝑛=1

) , 

 

𝑣̃𝑖𝑠 =
−𝑏𝐻

2
cos(2𝐻𝜔𝑡) +

𝑏𝐻

2
sin(2𝐻𝜔𝑡) + sin(𝐻𝜔𝑡) (∑ 𝑉𝑛 cos(𝑛𝜔𝑡 + ∅𝑛)

𝑁

𝑛=1

) , 

 

Thus, with (14) and (15) a structure called Dynamic Fourier Analysis (DFA) is 

disseminated, in which it is obtained through the reconstruction of the signals 𝑣𝑖𝑐 and 𝑣𝑖𝑠. 

It is used to improve filtering, reducing the amplitude of components at frequency 2𝐻𝜔. 

Therefore, to obtain a clean entry in the DFA block, the harmonic components 

(𝑛 = 1, 2, … , 𝐻 − 1, 𝐻 + 1, … 𝑁) are eliminated, which makes the DFA is applied to each 

desired harmonic, and their values are estimated and subtracted [6]. A reform of the 

estimated signals takes place using the Original Signal Reconstruction (OSR) block. And, 

by placing a DFA block in series with the OSR block, the Dynamic Fourier System (DFS) 

is obtained. In this sense, Figure 6 (a) shows the DFA block, and Figure 6 (b) illustrates 

the OSR block used to build the desired harmonic with data from the amplitude and phase. 

  

(12) 

(13) 



 
 

 
 

Figure 6 - (a) Dynamic Fourier analysis (DFA); (b) Original Signal Reconstruction (OSR). 

 
 

According to Figure 6, it is noticed that to obtain the desired frequency 

component, it is necessary to multiply sine and cosine. Thus, for the development of these 

two signals, phase information is needed, which are conceptualized using Phase Detector 

(PD), with its schematic portrayed by Figure 7. 

 

Figure 7 - PD schematic diagram. 

 



 
 

 
 

For the to Figure 7, it can be seen that the 𝜃 phase is obtained, based on a 

Proportional-Integral (PI) Controller, in which it manipulates the error between the 

estimated signal and the input signal, in order to calculate the fundamental frequency. For 

the synthesis of the controller, the simulation itself was used as a reference, in which the 

gains were changed until an output with the desired characteristics was obtained. In order 

to evaluate the performance of the system according to the defined gains, the curve 

referring to the frequency was analyzed, as well as the phase signal 𝜃 at the controller 

output. The integrative gain 𝐾𝑖 and the proportional gain 𝐾𝑝 can be seen in Table 1. 

 

Table 1 - Gain values used in the PI controller referring to the PD block. 

𝑮𝒂𝒊𝒏 𝑽𝒂𝒍𝒖𝒆𝒔 

𝑲𝒑 𝟏𝟖𝟎 

𝑲𝒊 𝟖𝟎 

 

A Fourier association was performed, which was produced to sum each OSR 

output, as shown in Figure 8. 

 

Figura 8 - PLL block diagram based on Fourier Alpha and Beta components. 

 
 

Also in Figure 8, it is possible to identify that each DFA and OSR pair is 

established for a harmonic. And, to obtain a clean signal in each DFA analysis, which is 



 
 

 
 

called 𝑉𝑐𝑛 where 𝑛 equals the harmonic order, it is necessary that the output of the OSRs 

be subtracted by the input signal. The FB-PLL was applied with only the 1° harmonic. 

Although other frequencies are present, these are not necessarily multiples of the 

fundamental, that is, they are not harmonic. Finally, it should be noted that the FB-PLL 

has to follow a signal with random variation in amplitude and frequency and with sporadic 

phase jumps. Also, it consists of a single-phase technique, suitable for an EEG signal. 

 

4 RESULTS AND DISCUSSIONS 

Based on the FB-PLL circuit shown in Figure 8, the complete system was initially 

obtained, which can be analyzed in Figure 9. 

 

Figure 9 - Complete system, with the FB-PLL block and a single-phase signal, symbolizing a wave referring 

to deep sleep, at the input 𝑉𝑐𝑛. 

 
 

From Figure 9, it can be seen that it formed an FB-PLL block, containing only the 

alpha component. This is because the beta component ends up zeroing out, that is, it 

becomes negligible for the simulation. Furthermore, it is possible to notice a new single-

phase signal present at the input 𝑉𝑐𝑛. Therefore, this signal consists of the representation 

of a wave present in Stage 3 of NREM sleep. Figures 10 and 11 show results referring to 



 
 

 
 

the FB-PLL simulation applied to a signal with typical Delta wave behavior, which in the 

figure corresponds to the original signal, with an amplitude of approximately 180 𝜇𝑉. In 

all simulations, random variations of amplitude, frequency and phase are applied, but at 

some points the frequency varies abruptly between 2 and 4 Hz. 

 

Figure 10 - Simulation Result of Estimation of Amplitude and Frequency of a Delta Wave Signal: decrease 

in Frequency. 

 
 

Figure 11- Simulation Result of Estimating the Amplitude and Frequency of a Delta Wave Signal: 

frequency Increase. 

 
 



 
 

 
 

Figure 10 (a) shows the performance of the FB-PLL against a frequency decrease 

of approximately 4 Hz to values close to 2 Hz, as can be seen in Figure 10 (b). Thus, it is 

noted that the estimated frequency follows the actual frequency of the signal in most of 

the simulation range. Even with a phase jump at instant 1 second of the simulation, the 

estimated frequency continues to follow the input frequency. It can also be observed that, 

in Figure 10 (a), the estimated amplitude follows the reference amplitude, even with 

random variations. The estimated signal is built with the estimated amplitude, frequency 

and phase information, and as observed, this signal is very close to the original delta wave 

signal. 

In Figure 11 (a) it is possible to observe the behavior of the FB-PLL in relation to 

the increase in frequency from about 2 Hz to approximately 4 Hz, as can be seen in Figure 

11 (b). Thus, it can be observed that the estimated frequency can also follow the input 

frequency in a good time of the simulation, similarly when the frequency decreases. 

Furthermore, in Figure 11 (a), it is noted that the estimated amplitude remains following 

the input amplitude, including the application of perturbations during the simulation. In 

relation to the estimated signal, it is noticed that it approaches the original signal. 

It appears that the FB-PLL is able to estimate, most of the time, a change in 

frequency through an input signal, which has varying amplitude and phase jumps. 

Furthermore, it is inferred that the FB-PLL technique is able to estimate the signal both 

at low and high frequencies. Therefore, this is of paramount importance for the scope of 

polysomnography, as it is thus possible to identify the frequency during sleep and, 

consequently, the Stage in which the person is. 

 

5 CONCLUSION 

A low frequency wave sleep is essential for maintaining mental and physical 

health, in which it cooperates directly with the promotion of the quality of life of human 

beings. In this sense, it is important to monitor brain waves during sleep, and to know the 

frequency measured during sleep. 

The FFT technique is able to estimate the frequency of these signals. However, to 

obtain an accurate result, a considerable number of sampling cycles is essential. In 

addition, with the addition of so many, a significant amount of time is required to calculate 

the FFT, which makes it difficult to use it to perform a real-time reading. The FB-PLL 

method, on the other hand, manages to carry out the estimates in just one cycle, 

contributing to having a result in a short period of time. 



 
 

 
 

Applying the FB-PLL technique to a signal with typical Delta wave behavior, it 

was possible to notice that when there is a reduction in frequency from 4 Hz to 2 Hz, as 

well as during an increase from 2 Hz to 4 Hz, it was noted that the estimated frequency 

continued to follow the real one. Furthermore, it is important to point out that even with 

a phase jump, the estimated frequency continues to follow the input frequency. It is also 

inferred that, in both cases, the estimated amplitude follows the reference amplitude, even 

with random variations. The estimated signal was very close to the original signal. 

Therefore, it is concluded that the FB-PLL was able to estimate, most of the time, 

a frequency variation via an input signal, in which it has varying amplitude and phase 

jumps. Furthermore, it is believed that the technique is able to estimate the signal both at 

low and at high frequencies. Thus, this is of great relevance for the sphere of Sleep 

Medicine, since it recognizes the frequency and, consequently, the Stage in which the 

person is. This contributes to the diagnosis of a range of diseases and disorders related to 

sleep aptitude, which will be addressed in future work. 
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